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^ . Abstract. Let B n denote the n-th Bernoulli number. Consider the sequence 

{B 2n } n >i of nonzero Bernoulli numbers. We prove that ((x) is a log-convex 
(Nj \ function for x > 1, which implies that the sequence {\B 2n \/(2n\)} n <i is log- 

convex. As a consequence, we see that the sequence of {|-£>2n|}n>i is log- 
convex. Moreover, we introduce the function 8(x) = (2((x)T(x))~ , where 
r(x) is the Gamma function. We show that log6(x) is strictly increasing for 
x > 6. It follows that the sequence of { ^/\B 2n \} n >i is strictly increasing. This 
leads to an affirmative answer to a conjecture of Sun. We further conjecture 
that 8(x) is log-convex for x > 6. If it is true, then it implies the conjecture 



> 



of Sun concerning the log-convexity of the sequence { \ / B 2n } n >i. 
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This note is concerned with the log-behavior of the absolute values of the 
nonzero Bernoulli numbers. For the background on the Bernoulli numbers, 
see [3], [5] and jZJ. 

Let B n denote the n-th Bernoulli number. Recall that B 2n +i = for 
n > 1 and B 2n alternate in sign for n > 1. We consider the sequence 
{|-£> 2n |} n >i. The first result of this paper is the log-convexity of the sequence 
{\B 2n \/2n\} n >i. This implies the log-convexity of the sequence {|-B 2r i|} n >i. 
A sequence {a n } n >i of real numbers is said to be log-convex if for any n > 2, 

2 ^ 

To prove the log-convexity of {\B 2n \/2n\} n >i, we utilize the following relation 
between the Bernoulli numbers and the Riemann zeta function 

22n— l^-2n 

c(2 "» = ^yH^ (L1) 



1 



where 

n=l 

By proving that £(x) is log-convex for x > 1, we establish the log-convexity 
of the sequence {|-B 2n |/2n!} n >i. Consequently, the sequence {|-B2n|}n>i is 
log-convex. 

Moreover, we introduce the following function 

9(x) = (2C(x)r(x)) = . (1.2) 

We shall show that log#(x) is strictly increasing for x > 6. From relation 
(11. II) . it can be checked that 



The monotone property of \og9(x) implies that the sequence {■\/B2 n } n >i 
is strictly increasing. This confirms a conjecture of Sun [8]. We further 
conjecture that (logd(x))" > for x > 6. If it is true, the it implies the 
conjecture of Sun concerning the log-convexity of the sequence { \/5 2 „} n >i. 



2 The log-convexity of Bernoulli numbers 

To prove the log-convexity of Bernoulli numbers, we consider the log-behavior 
of the Riemann zeta function ((x) for x > 1. Recall that a positive function 
/ is called log-convex on a real interval I = [a,b], if for all x, y £ [a, 6] and 
AG [0,1], 

/(As + (l-A)y)</(aO A /(v) 1-A , (2.3) 

see [2]. It is known that a positive function / is log-convex if and only if 
(\ogf(x))" > . To prove that ((x) is log-convex for x > 1, it suffices to 
show that 

(logC(aO)">0, (2.4) 

for x > 1. 

Lemma 2.1. TTie Riemann zeta function ((x) is log-convex for x > 1. 
Proof. It is easy to verify that condition (12 ,4p is equivalent to 

C(x) ■ C"(x) - (C'(x)) 2 > 0. (2.5) 
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Since ((x) converges for x > 1, we find that for x > 1, 
C(x)C"(x) - (C(x) f 

00 -1 00 1 2 00 1 00 1 

El x - log n x ^ log m x ^ log n 



m- L * — ' rr c — ' mr c — ' rr 

m=l n=l m=l n=l 

log 2 n + log 2 m — 2 log m log n 
' (mn) x 

n>m>l v ' 

(log n — log m) 2 
^— ' (mn) x 

n>m>l v ' 

which is positive. This completes the proof. I 

The log-convexity of ((x) enables us to deduce the following log-convex 
property involving the Bernoulli numbers. 

Theorem 2.2. The sequence {^yf}n>i is log-convex. 

Proof. Since ((x) is log-convex, setting x = 2n — 2, y = 2n + 2 and A = 1/2 
in the defining relation (12. 3p . we find that 

C(2n-2)C(2n + 2) >C(2n) 2 . (2.6) 

Invoking the relation (II .ip between C{x) and B n , we obtain that 

|-B2n|\ , |-E?2n-2| |-E?2n+2| 



< 



2n\ J ~ (2n-2)! (2n + 2)!' 

This completes the proof. I 

Since (2n\) 2 < (2n — 2)! • (2n + 2)! for n > 1, it is easy to see that the 
above theorem implies the log-convexity of the sequence {\B 2n \} n >i- 

Corollary 2.3. The sequence {\B 2n \}n>i is log-convex. 

3 Log-behavior of 9(x) 

Now let us consider the log-behavior of the function 

6{x) = (2C(x)r(x))i 
We begin with the following monotone property of \og9(x). 
Theorem 3.1. For x > 6, \og9(x) is strictly increasing. 
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Proof. To prove \og6(x) is increasing for x > 6, we aim to show that 

(log0(a;))'>O, (3.7) 
for x > 6. Let g(x) = 2((x)T(x). We have 

(]og0(a;))' = Qlog(2C(a;)r(a;))^ = Q-log^; 

1 i f \ j_ 1 ^ 
= ^log^(x) + 



a; g(x) 
1 / log#(x 



x \ g(x) x 
Thus (13. 7p can be rewritten as 

g'{x) \ogg{x) 



g(x) x 

for x > 6. Note that g(x) is continuous and differentiable on (l,oo), since 
((x) and T(x) are continuous and differential on (l,oo). Therefore, one can 
apply the mean value theorem on [2, x] to estimate log g(x) fx. We claim that 
there exists t in (2,x) such that 

g(t)' hggjx) 

W) > "IT- (3 - 8) 

If the above inequality holds, then it suffices to show that 

g(x) > g(t) ■ (3 ' 9) 

______ 2 

We now proceed to prove (13.81) . Since £(2) = ^ and T(2) = 2, we find 
that 

2tt 2 

log 0(2) = log(2C(2)r(2)) = log — < 2. (3.10) 

On the other hand, for x > 6, we have ((x) > 1 and T(x) > e x . It follows 
that 

\ogg(x) = log 2 + log£(:r) + logT(a;) > x. (3-H) 
In the view of (13.101) and (13. lip , we deduce that for x > 6, 

log g 0*0 = (1 -2/x) hgg(x) < log 3(g) -2 ^ logg(x) - jogjog) , g ^ 
x (1 — 2/x)x x — 2 x — 2 

Applying the mean value theorem to \ogg(x), we see that there exists t G 
(2,x) such that 

/ax/ log o(z) -log o(2) 



that is, 

g'(t) _ logg(x) - logff(2) 
a; - 2 

Combining (13TT2]) and (l3J4j) . we get ( l3~8j) . 

It remains to prove (13.91) . We claim that for y > 1, 

V(v)Y 



(3.14) 



> 0. (3.15) 



Since 



g'(y)X 



(\ogg(y))"=(logT(y))"+(\og((x)y, 



g(y) 

we see that ( 13. 15ft holds as long as we can show that (logr(y))" > and 
(\og((x))" > for y > 1. It is a known fact that (logr(y))" > for y > 1, 
see Andrews, Askey and Roy [IJ Theorem. 1.2.5]. On the other hand, in the 
proof of Lemma [2~T| we have shown that (log((x))" > 0. This proves (I3.15p . 
It follows that is strictly increasing for y > 1. Thus for 2 < £ < x, we 
have inequality (13. 9p . 

Combining (I3.8P and ( I3.9p . we deduce that for x > 6, 

fl'fo) _ log 0*0 g[(g) _ ^) Q 
5f(x) x 5f(.x) 

It follows that (log8(x))' > for x > 6. This completes the proof. I 

From the log-behavior of 6(x), we are led to an affirmative answer to a 
conjecture of Sun [8]. 

Corollary 3.2. The sequence { y\B2^\} n >i is strictly increasing. 
Proof. From the relation (11.11) . we see that for n > 1 

V\B^\ = ^ V2C(2n)(2n)! = ^0 2 (2n). (3.16) 

Since log (or) is strictly increasing for x > 6, we see that 9(x) is also strictly 
increasing for x > 6. It follows from (I3.16P that ^/|i? 2 n| is strictly increasing 
for n > 3. On the other hand, it is easily checked that 

[-Sal < V\B7\< VW- 

This completes the proof. I 

In closing, we pose the following conjecture. If it is true, then it implies 
the log-convexity of the sequence { ^/\B 2n \} n >i as conjectured by Sun [8]. 
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Conjecture 3.3. The function 9{x) = (2£(x)r(x))°> is log-convex, that is, 
(log /(a;))" > forx > 6. 
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